A note on multiplicative commutators of division rings by Hazrat, Roozbeh
ar
X
iv
:1
70
6.
07
98
8v
1 
 [m
ath
.R
A]
  2
4 J
un
 20
17
A NOTE ON MULTIPLICATIVE COMMUTATORS OF DIVISION RINGS
ROOZBEH HAZRAT
Abstract. We give an example of a division ring D whose multiplicative commutator subgroup does not
generate D as a vector space over its centre, thus disproving the conjecture posed in [1].
Let D be a division ring. Denote by F := Z(D), the centre of D andD′ its multiplicative commutator
subgroup, i.e., the group generated by the set of multiplicative commutators
{
xyx−1y−1 | x, y ∈ D\{0}
}
.
There are classical results due to Herstein, Kaplansky and Scott, among others, showing that the group
D′ is “dense” in D (see for example [3, §13]). In [1] the authors study the F -vector space T (D) generated
by the set of multiplicative commutators. They prove that if T (D) is radical over F , then D = F , and if
dimF T (D) < ∞, then dimF D < ∞. Furthermore, they prove that T (D) contains all separable elements
of D and thus if D is an algebraic division ring over its centre with char(D) = 0, then T (D) = D.
They then conjecture [1, Abstract and Conjecture 1] that a division ring is generated by all multi-
plicative commutators as a vector space over its centre, i.e., T (D) = D for any arbitrary division ring.
Here we give a counterexample to this conjecture. In fact we show that the multiplicative subgroup
D′ can not recover D as a vector space and [D : T (D)] =∞.
We recall the Hilbert classical construction of division rings (see [2, §1]). Let L be a field, σ ∈ Aut(L)
and F be the fixed field of σ. Let D = L((x, σ)) be the division ring of formal Laurent series, consisting of
elements
∑
∞
i=n ait
i, where ai ∈ L and n ∈ Z, addition defined component-wise and multiplication by
( ∞∑
i=m
ait
i
)( ∞∑
j=n
bjt
j
)
=
∞∑
r=n+m
( ∑
i+j=r
aiσ
i(bj)
)
tr. (1)
By [2, §1, Lemma 4] if the order of σ is infinite then Z(D) = F and [D : F ] = ∞ and if the order
is a finite number n, then Z(D) = F ((tn)) and [D : Z(D)] = n2. It is easy to see that D = L((x, σ)) is a
valued division ring with value group Z as follows
v : D∗ −→ Z,
∞∑
i=n
ait
i 7−→ n.
Therefore we have
D′ ⊆ ker(v) =
{
L+
∑
i>0
ait
i
}
. (2)
Now if we choose an automorphism σ of infinite order, since Z(D) = F , Equation 2 shows that T (D) ⊆{
L+
∑
i>0 ait
i
}
, and thus [D : T (D)] =∞.
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